Solution methods for a variety of problems in layered, nonisothermal media are developed. Deformation, stress, and temperature fields, induced when internal sources of strain and heat are embedded in linear elastic and linear fluid infiltrated poroelastic media, are calculated. Since in the limit considered, the energy equation is decoupled from the equation of momentum balance, the solution techniques are easily extended to the case of a time-dependent source for heat supply.
I. Introduction
Analysis of quasistatic ground deformation patterns due to various local sources (SINGH, 1970; RUNDLE, 1978) has in the past emphasized models including elastic and viscoelastic effects. However, both laboratory (NUR, 1972) , and theoretical work (RICE and CLEARY, 1976) have pointed to the importance of fluid effects in rock deformation processes. It is also obvious that thermal effects can produce deformation effects, and these have been clearly observed in volcanic areas of localized high heat flow (FISKE and KINOSHITA, 1969) . In particular, problems of fluid injection and withdrawal are of particular interest to the petroleum industry. Calculations of rock deformation due to fluid extraction (SAFAI and PINDER, 1980) in wells and fluid injection through hydrofracture (SUN, 1969) have shown that a measurable surface displacement is expected. Observation of these surface displacements can in turn be used to infer information about earth structure and the source mechanism which is otherwise unobtainable.
It is the objective of this and future works to develop continuum methods for calculating surface deformation, heat flow, and pore pressure changes due to a variety of sources embedded in a layered half space. Techniques of propagating solutions from one layer to the next by means of propagator matrix multiplication are employed. These techniques have their origin in methods used in seismic wave propagation studies (THOMSON, 1950; HASKELL, 1953) . Appropriate boundary conditions at infinite depths and upon the ground surface are applied to determine the values of the unknown multiplicative constants in the solutions. The ground displacement, surface heat flow, fluid volume strain, and pore pressures are then determined by multiplying propagator matrices by the requisite source vectors.
To solve for the deformation in nonisothermal, fluid infiltrated media, we make use of the mixture theory developed by BOWEN and WIESE (1969) and BOWEN (1976) . Although the theory described in those papers contains no explicit microstructural effects, a later modification (BOWEN, 1980) has added a form of microstructural mechanics to the original field equations. This theory, of the many that exist, has been chosen because it is thermodynamically self consistent, taking account of the Clausius-Duhem inequality, because it satisfies the principle of Material Frame-Indifference, and because it is the simplest of the available theories, The equations proposed by BIOT (1962) , for example, while they are frame indifferent, and do consider some aspects of thermodynamics, are not generally nonisothermal as are Bowen's. In the following, we start by considering the static, nonisothermal elastic problem. It is shown that this problem is essentially equivalent to the Laplacetransformed pseudo-static problem, in which time derivatives of the temperature are included in the energy equation. It is in fact these equations which RICE and CLEARY (1976) discuss in the context of a static, isothermal fluid-infiltrated medium. Next, Bowen's nonisothermal static poroelastic problem is solved by demonstrating its close similarity to the static, nonisothermal elastic problem. Finally, the pseudo-static nonisothermal poroelastic field equations are solved as an extension of the static case.
2. Static Elastic Nonisothermal Problem: Thermal Response
As a first step, we solve the field equations for the surface response of a layered elastic, nonisothermal half space to embedded point sources of strain and heat production. The necessary equations of momentum and energy balance, found in any standard text (e.g., FUNG, 1965) The validity of the mechanical decoupling in (2.4) is discussed in FUNG (1965) . Whether this is a reasonable simplification for geologic problems is unknown at the present time. Additionally, all of the problems solved here will make use of tion source, will perturb only the stress and displacement. The temperature will not be changed, since an acceptable solution to (2.3) or (2.4) consistent with the boundary conditions is T=0. However, any heat source appearing in (2.3) or (2.4) will produce not only changes in temperature, but also changes in stress and deformation as well through the coupling term. Hence, the solution to problems of the former type, in which nuclei of strain are prescribed, can be found in the paper by SINGH (1970) . The solution to problems of the latter type, using equations (2.1) and (2.3) will now be presented. Consider the geometry shown in Fig. 1 . Erect a cylindrical polar coordinate system, z-axis pointing down, on the surface of a multi-layered half space (Fig. 1) . Fig. 1 We now apply the method of matrix propagators to generate the solutions for layered media. This method originated a number of years ago as a means of facilitating the computation of elastic wave dispersion in layered elastic media (THOMSON, 1950; HASKELL, 1953) . In general, the technique involves writing the solution at the surface z=0 as a product of "propagator" matrices multiplying the independent solution vectors and functions of them at some deeper depth, here taken to be the very bottom-most layer boundary. In propagating the solution upward to the surface, a jump discontinuity in several of the propagated quantities is inserted at the appropriate source depth. In this way, proper account is taken of the existence of the point source and its effect on the immediately surrounding medium. The key to devising a viable method is then the derivation of the propagator matrices and the proper source functions. To completely solve the thermal problem, we must specify the source vector [|Dm|], which is in fact the discontinuous jump in vertical heat flow q across a plane z=constant.
To obtain this jump discontinuity, we write the equation for the impulse response in an infinite medium for a source at x0 as To solve for the elastic response, we rewrite the static form of Eq. (2.1) as an inhomogeneous differential equation:
Since the homogeneous solutions to the operator representing the left hand side of (3.1) are known (SINGH, 1970) , it is necessary to find a particular solution to the inhomogeneous problem (3.1). To accomplish this, we define the solutions, us in terms of a series of independent basis vectors where
The unknown functions of z, Wm(z), Um(z), Vm(z) are to be determined. By use of the relations and Eqs. (2.6) and (3.2) with the summation and integral signs dropped, Eq. (3.1) becomes Equation (3.11) exhibits the decoupling from the other system (3.8)-(3.9) typical of these problems. In fact (3.11) has the same solutions as in the isothermal case (SINGH, 1970; RUNDLE, 1980) , and since its solution plays no part in the non-isothermal problem, it will not be considered further here. the rest of this section will be devoted to the construction of a formalism to find "how much" of the homogeneous solution must be added to the particular solution to satisfy the boundary and continuity conditions. As in SINGH (1970) For problems in which the time derivative of the temperature is retained in the energy equation, we must now solve Eq. (2.1) together with (2.4). Fortunately, this problem can be viewed as simply a special case of the problem solved in Secs. 2 and 3. To demonstrate this fact, we simply operate with the Laplace transform operator on (2.4) to obtain where a superposed tilde denotes the Laplace-transformed dependent variable. Equation (4.2) is an initial condition which must be satisfied in the medium outside the source region.
To solve (4.1), we let Inverting the solution, particularly when it is multiplied by an appropriate s-dependent source vector [|Dm(s)|], can often be quite difficult. In general, some form of approximation technique is used. A survey of some of these techniques is given in COST (1964) . One approximate inversion procedure would be to study the limits of the solution, for example, when (4.7)
This limit corresponds to either the short time or long wavelength solution. Forms corresponding to (4.7), e.g., can be easily inverted into the time domain, yielding functions proportional to (ABRAMOWITZ and STEGUN, 1965) (4.9) which is a diffusive solution.
For the alternate limit, e.g., (4.10) the exponential terms can be expanded using Taylor's theorem, yielding polynomials in s. These also are easily inverted using standard techniques.
Static Nonisothermal Poroelastic Problem
As mentioned in Sec. 1, BOWEN and WIESE (1969) and BOWEN (1976) have derived the equations appropriate for solid and fluid phases in a fluid infiltrated medium. The theory is a general, nonisothermal theory, obeys the ClausiusDuhem inequality, and also makes use of the principle of Material Frame-Indifference to restrict the dependence of the constitutive law.
Thus the linearized field equations to be solved are (BOWEN, 1976) : Additionally, the total stress S can be seen to be (5.8) where Es is the strain in the solid phase and l is the unit dyadic. Since Eqs. (5.3), (5.5), and (5.8) are identical to their purely elastic counterparts, the formalism in Finding the partial stresses on each phase, Ss in the solid phase and Sf in the fluid phase, as well as volume strain of the fluid, is straightforward.
The stress constitutive equations are (BOWEN, 1976; SCHNEIDER and BOWEN, 1977) In order to obtain values for these constants, undrained static triaxial tests must be performed in which volume stresses and strains are monitored simultaneously.
Alternatively, one can attempt to estimate some of these values from field data if a situation exists wherein, say, solid strain increments and pore pressures are known at a given location. Future work will include an attempt to estimate the One of the interesting aspects of the solutions presented in Secs. 2-3 is that they can be used as solutions for an isothermal poroelastic solution by themselves. As BOLEY and WEINER (1960) and RICE and CLEARY (1976) have pointed out, one can identify Biot's poroelastic equations with those for a linear isotropic thermoelastic solid by appropriate identification of parameters. For example, one simply identifies the pore pressure pf with the temperature perturbation T, and uses the empirically-derived flow law of D'Arcy, given as (6.5) allowing vertical flow out of the surface.
This situation would seem to be most appropriate for example, in geysers. Then however, the inertial terms would be nonnegligible, and so we cannot consider this case in a quasistatic formulation.
The other condition is to postulate no flow out of the surface and allow the fluid pressure to take on whatever value it may. Hence instead of (2.20). Thus (2.25) and (2.26) become (6.7) (6.8) (6.9) and (2.28)-(2.29) become where now Qf is the fluid mass production rate. The type of theory outlined in Secs. 5-6 is a consolidation theory, in which only bulk volume changes of the fluid and solid constituents occur. However, since bulk strains and shear strains can be decoupled, a simple consolidation theory of the type described here is adequate to begin testing predictions of pore pressure changes against the available data. Such tests are currently underway and will be reported later.
Numerical Examples
As a brief example of the techniques discussed previously, some solutions for a selected set of sources and structures are presented here. A discussion of the kind of numerical methods used here can be found in previous papers by RUNDLE (1978, 1981) . Additionally, a paper thoroughly examining numerical techniques and applications of the procedures discussed is in preparation.
Briefly, it is necessary to evaluate expressions such as Figs. 2-4. Tilts and pore pressures at the surface for a source of fluid production Qm assumed to be Qm=1g/sec. All parameters except permeabilities are given in the text. Permeabilities in darcies, as well as model earth structure are shown in the diagram at lower right in each figure.
(7.1) (7.2) where the kernels x10(0), p1f0(0) are generated by the foregoing propagator matrix methods. We consider for now only problems with no fluid flow in or out of the surface, so that qf is identically zero. Also, we compute solutions only for the static case.
Let us now consider specifically an example in which there exists a source of fluid production embedded at a depth c in a layer of thickness H overlying a half space. Using methods developed by RUNDLE (1978) , it can be shown that the kernel functions x10(0) and p1f0(0) are rational functions. The numerator consists e-2kH, e-4kH.
It can be shown that the part of the kernel proportional to e-kc is the kernel for the same source in an unlayered half space whose properties are identical to those of the layer.
In general, the integrals (7.1) and (7.2) are very difficult to perform as they stand, owing to the infinite upper limit. Hence, RUNDLE (1978) developed a renormalization technique whereby the kernel for the source in a half space, which can be found both in Fourier-Bessel form using results given by NOWACKI (1962) and as an analytic function, is subtracted under the integral and added outside it. Convergence of the integral is then extremely rapid, and in fact, the upper infinite limit may be replaced by a finite value of k, kmax. The number kmax is chosen so that the integration is as accurate as desired.
In order to perform meaningful numerical calculations we must define the parameters appearing in the constitutive laws (5.5)-(5.8), (5.10) in terms of physically meaningful quantities. Fortunately, RICE and CLEARY (1976) and SKEMPTON (1954) , as well as of course BIOT (1941) and BIOT and WILLIS (1957) have considered this problem in some detail, so we simply state the results here. Using the notation:
B=pore pressure coefficient (SKEMPTON, 1954 ) assumed equal to unity here, we find (7.3) (7.4) (7.5) all these values can in fact be varied, we do not attempt to fully explore the parameter space here.
Instead, only a few simple examples of the general capability are given.
Figure 2 is for the source in a half space in which permeability is 1 darcy and in which no flow is permitted out the traction-free surface. Notice that tilts are given rather than vertical surface displacements because the displacements are in fact unbounded. This is due to the constancy of the source, which implies that an infinite quantity of fluid has been produced, raising the surface to an infinite height. However, the tilt is a finite quantity, so that the surface, while displacing upward, maintains the same shape. Now contrast Fig. 2 with Figs. 3 and 4, in which permeability is constant within the top 1km, but changes discontinuously beneath this depth. The tilt profile has roughly the same shape in all three figures, but is about two orders of magnitude less in Fig. 4 than in Figs. 2 and 3. Note that the tilt maximum occurs near r=100m, a horizontal distance equal to the source depth. This feature is typical of problems of this type. The top plots in Figs. 2-4 show pore pressures as functions of distance for a source producing 1g/sec of fluid mass. Again, the pore pressure is two orders of magnitude less in Fig. 4 than in either 2 or 3. Hence, we conclude that near surface changes in permeability affect tilt and pore pressures far more than permeability changes well below the level of pumping. 
